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Abstract 

We study a system of fermions interacting with a scalar field, in 4+1 di- 
mensions where the 5th dimension is compactified, using an exact functional 
method, where quantum fluctuations are controlled by the amplitude of the 
bare fermion mass. The integration of our equations leads to the properties 
of the dressed Yukawa coupling, that we study at one-loop so as to show the 
consistency of the approach. Beyond one loop, the non-perturbative aspect 
of the method gives us the possibility to derive the dynamical fermion mass. 
The result obtained is cut off independent and this derivation proposes an 
alternative to the Schwinger- Dyson approach. 



1 Introduction 

Motivated by the unification of fundamental interactions, the Kaluza Klein 
framework has long been considered, where additional dimensions are com- 
pactified, on a TeV scale. These energy scales are inaccessible to present 
experiments, but the next generation of particle accelerators could give an in- 
sight into these high energy processes. We propose in this context a functional 
method in order to built the quantum theory corresponding to a Yukawa in- 
teraction, in 4-1-1 dimensions, where the 5th dimension is compactified. The 
idea is to control quantum fluctuations with the bare fermion mass of the 
theory, whose amplitude is controlled by a dimensionless parameter A. If 
A ^ oo, the bare system deals with infinitely massive fermions which there- 
fore decouple from the dynamics: the system describes a self interacting 
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scalar field. As A decreases, quantum fluctuations arising from the fermions 
gradually appear and the full quantum system sets up. The interesting point 
is that it is possible to derive an exact evolution equation for the proper 
graphs generator functional with A. The corresponding flows can be seen as 
renormalization flows, different from Wilsonian flows, though: the bare mass 
term, quadratic in the fermion fleld, does not play the role of a regulator and 
we need, in addition, a cut off so as to deflne the A-flows. 

Despite the difference with Wilsonian flows, the A-flows recovers the usual 
one-loop renormalization results. Beyond one loop, these flows are derived 
within a given gradient expansion which is assumed for the functional de- 
pendence of the quantum theory, instead of a loop expansion. The gradi- 
ent expansion provides a ressumation of a sub-class of graphs and is non- 
perturbative. This method was successfully applied to a scalar model and 
in QED in planar systems and for the Coulomb interaction in an 
electron gas |1] . Reviews can be found in |S1 IHl ■ 

We present the model in section 2, and we derive the different evolution 
equations. We discuss in section 3 the possibility of having a massless scalar 
fleld, for which the restoration force is provided by the scalar self interaction. 
In this case, the bare scalar mass has to be chosen carefully and we show 
that this implies an inequality between the Yukawa coupling and the scalar 
self coupling, in order not to generate a spontaneous symmetry breaking. 
Section 4 deals with the properties of the four dimensional Yukawa coupling 
at one loop, and show the consistency of the approach. The Yukawa coupling 
is obtained as an explicit function of three mass scales: the bare fermion 
mass, the compactiflcation radius and the cut off. These mass scales are 
independent, which enables us to take several limits. For example, for flxed 
cut off and flxed compactiflcation radius, the quantum theory recovers the 
classical one in the limit where A oo, as expected. We consider then 
in section 5 the dynamical generation of a fermion mass, as a result of the 
non perturbative aspect of our evolution equations. This study is possible 
in the functional method presented here by allowing the parameter A to go 
to 0, for flxed cut off and compactiflcation radius. The result is consistent 
with existing literature, and has the advantage to be independent of any 
renormalization scheme, since the cut off dependence disappears when A 0. 
Finally, section 6 contains our conclusions and future work. 
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2 Model and evolution equations 



For the sake of clarity and in order to explain the approach used here, we 
describe a system made of fermions coupled to a real scalar field. I order to 
describe a parity-invariant theory, we consider two four-component fermion 
flavours, that are written as one eight-component fermion il) = ('?/'^^\ ■?/'*^^^). 
We have then 8x8 gamma matrices which are diagonal in the flavour space 
and read F'^ = diag^'j'^, —7'^), /i = 0, 4, where the matrices 7^*, p = 0, 3 
are the irreducible four dimensional gamma matrices, and 7^ = 7^7^727^ [7]. 
The bare action is: 

S = j d^x ^d^<pdy + # - g^Hi^ - Xmo^i^ - U^i^)^ , (1) 

where ?7(f (0) is a bare scalar potential, and the partition function is: 

Z = J V[^, $] exp (^iS + i J d^x(^r] + rj* + j<l>)^ , (2) 

where f],r],j are the sources for $ respectively. The derivatives of the 
connected graphs generator functional W = —ihi Z define the classical fields: 



6W 
5rj 

SW_ 
Srj 

5W 

IT 

SfjSr] 



(vj/) = ^ (3) 

- = -i^ 

i'ljj'ip - i , 



where 



(•■■) = ■ Oexp (^iS + i j d^x{mT] + r]^ + j^)^ . (4) 

The proper graphs generator functional F is defined as the Legendre trans- 
form of W: 

T = W - I d^xi^rj + rii) + j(f)) , (5) 
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and has A, ip, ip, as independent variables. T depends on A, which therefore 
parametrizes a family of quantum theories. When A — ^ oo, the fermions 
become infinitely massive and decouple from the dynamics: the effective 
action describes a self interacting scalar field. When A decreases, quantum 
fluctuations gradually appear in the fermion dynamics and the couplings 
fermion/scalar get dressed. Finally, the full quantum effects are present in F 
when A decreases down to 1 (for a massive bare theory) or (for a massless 
bare theory). 



2.1 Evolution equation for F 

The functional derivatives of F are: 

ST 

= ^ 

5r _ _, 
~ ~^ 

and we also have (remember that the independent variables of F are A, ■?/', ■?/', 0) 

F = W ^ \ d'xi 1]— - —1] + —J 
J { di] dr] dj 

(fx [tpf] + f]1p+ j0} 

= W, (7) 

where a dot denotes a derivative with respect to A. From the relations (jSJ, 
the evolution equation for W with A is 



W = -mo I (fx {mm) (8) 



-rriQ / a x I ipip + 2^— 
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From eqs.®, the evolution equation for F is finally 

t + moj d'x i^ij = zmoTr | {S'T)^1] , (9) 
where S'^T is the second derivative matrix 





A2r 








" ^ Ipip 


5^F^<^ , 


(10) 


<f>1p 


^^r - 







and (5^F)^^ is the ipi^ element of its inverse. The evolution equation Q 
is non-perturbative and provides a ressumation to all orders in h. The 
trace which appears in eq.(jni) (continuous summation over the Fourier modes 
Po,Pi,P2,P3 and discreet summation over the Kaluza-Klein modes P4) con- 
tains the quantum corrections to the classical theory and needs to be reg- 
ularized (we will consider here a cut off regulator). This trace is similar to 
the one that we would obtain in a one-loop computation, but in the present 
case, the action appearing in this trace is the effective action, i.e. it contains 
the dressed couplings, and not the bare ones as one would have in a one-loop 
computation. This feature is at the origin of the ressumation provided by the 
evolution equation 0, and is similar to exact renormalization procedures. 

So as to take physical informations out of the evolution equation (0), we 
shall assume the following functional dependence for F: 

T = J d'xl^^d,<pdy + _ g [/„(0)(v;v^)"| , (11) 

where the potentials Un{(j)) depend on A. This ansatz corresponds to a local 
potential approximation in the framework of the gradient expansion, where: 

• f/o(0) is the scalar potential; 

• Ui{0) is the fermion mass; 

• d^Ui{0) is the Yukawa coupling; 

• 1/2(0) is the four-fermion interaction; etc... 

and the latter quantities depend on A, which controls the amplitude of quan- 
tum fluctuations arising from the fermions. In this work we will truncate 
the expansion (fTTj) to the first order in ipip and therefore consider only the 
potentials Uo{(j)),Ui{(f)). 
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2.2 Evaluation of the trace 

We compute here the trace appearing in eq.Q- The second derivatives of T 
are, for constant field configurations with (p = (pQ and ipip = u, 

= h 'I^ + A,+AA2CO + ---)5'{p + q) 
= {- ]^-A^-AA2C0 + ■■■)S'{p + q) 

5^r^0 = -Aq- A'^uj + ■ ■ ■) 6^{p + q) 
5^T^^ = -i;(^A[ + 2A',u; + ---)5'{p + q) 

6^T^^ = ^ (a[ + 2A'2UJ + ■ ■ 6\p + q) 

= (-2i,ijA2 + ---)5'ip + q) 
6^T^^ = (-2V^A2 + ---)5^(p + g), (12) 

where we denote An = f/n(0o) and a prime denotes a derivative with respect 
to 0. We now write 

S'r = (A + S)55(p + g), (13) 

where A is the 0-dependent diagonal part of d^T and S contains the diagonal 
and off diagonal terms including the fermions. We have, within the truncation 
we consider here (where Aq and Ai only are non vanishing): 

- y + 

- ^-Ai 
P^-K 



0_ A['^ . (14) 
^A[ii -A[ip -AlujJ 

The inverse of d^T is obtained by expanding in powers of the fermion field: 

[d^T) = 6''{p + q) (A-i - A-^SA-i + A-^SA-^SA-^ + ••■). (15) 

We find then 

/;.2pN -1 _ 5''{p + q) i^jj {A[)' 5\p + q) 

^ - V+ (- ^+ Ai)2(p2 - Ao) ^ ■ ■ ^ ' 
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where the dots denote higher orders in the fermion field. The 5-momentum 
p is such that = k"^ + / E?, where k is the 4-momentum and / G Z labels 
the Kaluza Klein modes. The trace in © is then (for Euclidean k) 




(17) 



{k' + ^ + Aink^ + ^ + A';,] 



+^(a; 



k'^ + ^ + Aq 



2A\ 



where = 5^(0) is the volume of the 4-dimensional large space time. Note 
the factor 8 in front of the cj-independent term, corresponding to the trace 
over Dirac indices of the unity matrix, in the reducible representation that 
we consider here. This factor does not appear in the a;-dependent terms 
since lv already takes into account the summation over Dirac indices. The 
summation over Kaluza Klein modes is done using the relation jH] 

I]75-T-:5 = -™">(™), (18) 



as well as its derivative with respect to a : 



1 TT^ 2/\^ /\ 

coth (vra) H r coth(7ra) -. (19) 



i&z ^ ' 
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The trace (fTTj) is then 

i 



'Tr{(5^r)-} (20) 



,2 ,,y,2 ^? /■ d^k / coth2(7ri?v^PTAf) 



coth(7r/?v/PTAf) TT 



+ 



The evolution equations for the potentials are obtained by identification with 
the left hand side of the evolution equation (jH)), where 

V = -2tiRL*{Ao + Aiuj), (21) 

for the constant configuration that we consider. The integrations over k give, 
for any A, 



d^k coth(7ri?Vfc2 + A2) ^ ^ 

^ '- (22) 



1 



p 

du [u^ - {^RAf) coth(M) 



' ^/(P) - /(vri?A) - (vri?A)Mn ^ ^^"^^^^ 



where 



I{z) = I du cot\i{u) and P = ttRVA'^ + A^. (23) 
Jo 
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Note that I{z) ^ when z oo. We also have 

d'^k ( coth^TiRVk^ + ^2) coth(7ri?yFTA2) tt 

71^ 7^ 7^ 1- 



(27r)4 I k^ + Al R{k^ + ^2)3/2 + ^2 

[ du(l - (y^ coth^fw) + cothfw) - u) 

JnRA V W / 



87r3i?2 



2|„( ^^M'(^M_(^,oth(P)| (24) 



87r3i?2 I Vsinh(7ri?A) / P 

2.3 Evolution equations for the potentials 

Using the previous results, we find for the scalar potential Uq: 

where A is an UV cut off, the function I{z) is given in eq.(j22l, and 



P = TiRsjK^ + Ul (26) 
We find for the Yukawa potential Ui. 

Ul - mo (27) 



a/2 



sinh(7ri?t/i) ; " \^sinh {irRiU'^y/^) 



where 



Q = 'kR\ h? + U;. (28) 



Finally, the evolutions equations and have to be integrated from 
A = oo, where the fermions do not play a role, to a finite value of A, where 
the full interactions between the fermions and the scalar are present. 
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3 On the scalar mass 



Since the aim of this article is to describe dynamical mass generation for 
the fermions, we will consider a massless scalar field, so as not to have a 
bosonic contribution to the fermion mass generated by the interaction with 
the scalar field. Also, this situation can be seen as a toy model for a gauge 
field coupled to the fermions, even if no gauge symmetry is present here. 
We show in this subsection, at one-loop, that it is indeed possible to have 
a massless scalar field, provided a constraint holds on the Yukawa couphng 
and the scalar self-coupling. 

We start with the bare potentials 



where the linear term a0 will cancel the tadpole diagram generated by the 
Yukawa interaction. For these bare potentials, no cubic self-interaction for 
the scalar field is generated at one-loop, such that it is enough to compute 
the one-loop scalar mass term, in order to discuss the vacuum of the scalar 
field. 

The details of the computations are given in the subsection 2.2, and we 
write here the main steps only. The one loop correction to the scalar mass 
term, arising from the boson loop, is 



U^{(f) = Amo + 5^00, 



(29) 




27r J (27r)4^n2 + i?2(p| + M2) 




where is the Euclidean momentum and Qo = Tri^y^A^ -|- Mq. So as to see 
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the divergences explicitly, one can use the following expansion 

I{Qo) = I{nRA) + (^™o)' ^i^A + 0{M^/K), (31) 
where I{z) ~ /?> when ^ — >• oo. We obtain then 



( Y - + finite) . (32) 



167r2 

The one-loop correction to the scalar mass, arising from the fermion loop, is 

> ~ 2nR^'J (27r)4^( ^-Amo)^' ^"^"^^ 

where k'^ = p'^ — (n/R)^ and the trace will generate a factor 8 coming from 
the 8x8 gamma matrices. We have then 

(m}'))2 (34) 



9oR f d^PE 1 

TT J {27r)^^n^ + R^{p% + {Xmoy) 

%glR\Xmof f 1 
J (27r)^ 4- 



;^in^ + R^ipl + {Xmor)' 



d^PE ' 



VpI + (Amo)2) 



(27r)^ VpI + (Amo)2 

^4^^ coth' (^/?v/p| + (A/».o)2) 



-47rg^R{Xmof 
-AglRiXm^f 



(27r)4 p| + (Amo)2 

^4^^ / coth {t:R-sJp\ + (Amo)^) 



TT 



27r5i?3 



(27r)^ I R{pI + {Xmoff^ pI + (Ar^o)' 
(/(Po) - /(.i^A^o) - 3(.i.A^o)Mn (-|^) 



+ (7ri?Amo)'^^^^coth(Po) 1, 
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where Pq = t^R^J^'^ + (Amo)^. An expansion of {Mff in powers of A gives 

{Mf'f = 1^ (y - ^(Amo)^A + finite) . (35) 

As expected, the dominant contributions from the boson and fermion loops 
have opposite signs, and the one-loop scalar mass is finally 

. MJ-^ - Ma) ,A (^ _ |(„„„).a) , (36) 

So as to cancel M^^^, one needs to choose the bare mass term such that 

^» + 1^) = 4i^'"» - + ^^.(A-o)^ + flmte. (37) 

One can see from this last expression that, in order not to generate a spon- 
taneous symmetry breaking with the bare mass term, it is necessary that 

> 8gl (38) 

Finally, the effective scalar potential we will consider in the following of this 
paper is 

Uo{<P) = ■^'i^^ + higher powers of 0, (39) 

where 77 is the effective coupling corresponding to the interaction 0^ and 
the higher order couplings are generated by quantum corrections. With the 
scalar potential (jH^ . the restoration force for the scalar field is provided by 
the interaction cj)^, keeping the vacuum at < >= 0. 

As a last remark, one can note that the expression (j34j) is consistent with 
the evolution equation (j2Hl). For this, one can observe that the right hand 
side of eq.® is proportional to h, such that replacing Uo,Ui by the bare 
potentials Uq .U^ on the right hand side of eqs.(j2Sl) and (jTfj) leads to the 
one-loop A-evolution for the potentials. The one-loop approximation for the 
A-evolution of the scalar potential is then 

From the latter equation, one can compute the one-loop evolution to the 
scalar mass term by making an expansion in 0. The identification of the 
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power 0^ on both sides of eq.(jini) gives then 

jVf(i)M(i) = ^J!||IJ A7ri?mocoth(A7ri?mo) + ?Pocoth(Po) (41) 

.coth(Po) ^, f sinh(Po) 



- 3(A7rPmo) 31n . . 

Po \sinh(A7ritmoJ 

-^^^(coth^(P„)-l)|. 



We checked that this last expression can indeed be obtained by taking the 



derivative of (mI^-*)^ (see eq. dS^ ) with respect to A. 



4 Four dimensional one-loop Yukawa coupling 

We show in this section that the one-loop A-evolution of the Yukawa coupling 
leads to the well known one-loop coupling, as expected from this method. 

As explained in the previous section, the one-loop approximation for the 
evolution of the Yukawa potential is obtained by replacing Uq, Ui by Uq , Uf 
on the right hand side of eq.(j2Zj), which leads to 

ili^^ - mo (42) 

sinh(P'^) 



+ l(7rR{U^"y/'')-{nRUf)'\n 
sinh(Q^) 



sinh(7rPf// 



+ n^R^U fin 



sinh (7rP(f/o^")V2) 



167r3p {U^Y - Uf I Vsinh(vrPf/f ) J 



where P^ = tiR^WTWF? and = nR^K^ + Uf . In this approxi- 
mation, the Yukawa coupling g^^"* can then easily be obtained by noting that 
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= )(0) = ^5.t/f (0) + i^^^t^(f (0)- (43) 



If we take 



= Amo + (7o0, (44) 

we have then, at one-loop 

. (0) ^ (0) ^ |Lt.«(0). (45) 

since the hnear term acj) has to be taken into account at the next order (a is 
already of order h: it was introduced in order to cancel the tadpole diagram). 
The four dimensional Yukawa coupling is defined by 



and we obtain then, from eq. ()42j) . the following one- loop coupling 

K^'^ - «:o (47) 



2 



I{Po) - I{X7rRmo) - I{Qo) + I{itRMo) 



2, / sinh(Po) A , . da#n2i f sinh(Qo) 



-(A7ri?mo)'ln . , + (7ri?Mo)"ln 



sinh(A7ri?mo) / \ sinh(7r i?M( 



'0, 



kI {\m,f J^, [ sinh(Po) ^ {-nRXf 
+ 8^ (Amo)2 -MlY Uinh(AvrPmo) ) " 



where Pq = 7rP^A2 + (Amo)^ and Qo = vrPv^A^ + M^. 

The result fl47|l can be obtained by a standard one-loop Feynman graph 
representing the vertex for zero incoming momentum: 

^ ^ '-""'^ / I? ^ W. - Ag)(- y„ + A.„o)^ - 
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where p\ = + /R^. The computation of this graph is a specific case of 
a more general computation done in the subsection 2.2 for the derivation of 
the result (j^Zj), and which leads to eq. ljTTj) . 

It is interesting to look at the limit A — > oo, for fixed control parameter A 
and fixed radius R, in order to show explicitly the divergence in the Yukawa 
coupling. We use for this the large-A expansion, obtained with a Taylor 
expansion of /(-Pq) and /(Qo) around I^ttRA) 

/(Po) = I(nRA) + ^^""^"^"^' ttPA + 0(Amo/A) 



(vrPM, 



/(Qo) = /(7rPA)+ ^"^'^^•^"^ 7ri?A + 0(Mo/A). (49) 
We obtain then from eq. ()47p 



\2 



.(1) 



f^o (50) 



167r 87r2 [(Amo)^ - M^]^ | (vri?)^ 



+ (Amo)^ ^,f° . ln(2sinh(A7rPmo)) 
(Amo)^ + M|f 

- M2ln(2sinh(7ri?Mo)) 



which shows a linear divergence in A. 

Note that, in the precedent expressions, the apparent singularity when 
Amo —>■ Mq is canceled by the numerators. As an example, we can check 
eq.(|^. where we note Amo = Mq + e. an expansion up to gives 

.3 .3 

- PA - -^^^|7rPMocoth(7rPMo) + 2 In (2 sinh(7rPMo)) | + 0(e), 



IGvr IGtt 

which shows that indeed, no singularity occurs in the limit e — > 



4.1 Limit of the classical system: A ^ oo 

At this point, we can check the consistency of the general approach, and show 
that the classical coupling is indeed recovered in the limit A ^ cxo, for fixed 
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cut off A and fixed radius R. We use for this the following large- A expansion, 
obtained with a Taylor expansion of /(-Pq) around /(Avri^mo): 



/(Po) = /(AvrPmo) + ^ ^ ^ XnRmo + 0{1/X). (52) 

It can easily be seen from eq.(07j) that we obtain then 

hm k(^) = kq. (53) 

A— >oo 

As expected, an infinite massive system does not generate quantum fluctua- 
tions and remains classical. As A decreases, quantum fluctuations gradually 
appear in the system and the scale Xuiq plays the role of the typical energy 
scale that characterizes the system. 



4.2 Four dimensional limit: R ^ 

The limit R ^ 0, for fixed cut off A and fixed control parameter A, is found 
from eq. ()47|) if we use the small-z expansion obtained with a Taylor expansion 
of coth(M) around u = 0: 

= Y + + ^W'' (54) 

which gives, 



(1) _ ^0 .2iAmo)^^3M3 



167r2P [(Amo)2-M2]2 

+ ^° [(Amo)2 - M^P 
2(Amo)2A2 



[(Amo)2 + A2][(Amo)2-M2 




(55) 



Therefore, the linear divergence for R becomes logarithmic in the limit 
R 0, which is consistent with the results found in jH]. 

The expression (IS^ can be obtained from a standard one-loop compu- 
tation using Feynman rules. Indeed, the one-loop correction to the vertex 
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corresponding to a bare Yukawa coupling kq and a scalar field of mass Mq is, 
for vanishing incoming momenta, 



where qe is the Euclidean momentum, which corresponds to the result ()55|). 

5 Dynamical fermion mass generation 

The presence of a dimensionful parameter, the radius R, enables the dynam- 
ical mass generation in this system. We now look at the generation of such 
a mass for the fermions, and come back to eq. ()27j] . where the fermion mass 
evolution is given by m = U^^^ (0). Dynamical mass generation can be studied 
in the functional technique we describe here by taking the limit A — > 0, for 
finite rriQ. This was already done in for the dynamical mass generation in 
QED-^, where a non-perturbative relation was found between the dynamical 
mass and the dressed coupling. 

We stress here that the following derivation goes beyond one-loop, which 
is possible as a consequence of the non-perturbative properties of the evolu- 
tion equation 

5.1 Derivation of the dynamical mass 

We give here the detailed approximations involved in the derivation of the 
dynamical mass irtfiyn- We take the effective scalar potential ()39|) such that 
Uq (0) = 0, and we note U^{Q) = g. In what follows, we will take the limit 




(Amo)2 



A2 



) 



(56) 
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A ^ for fixed A. Keeping the dominant terms in A and using the expansion 
(I49p ■ we obtain from eq.(j2Z|) and in terms of k: 

m = mo + ^ 1^ - ^-^^ - ln[2sinh(7ri?m)]| + 0(m/A). (57) 

The next step is to suppose that T^Rm << 1, such that an expansion in ttRtti 
gives, taking into account the expansion 

2 

m = C - ln(27ri?m) + 0{7iRmY, (58) 

where the constant C is 

/ K^RA \ 

In order to integrate eq. lj^ . we note that m = uiq + 0{k'^), such that we 
write eq. (|3H|) as 

2 

m ^ C - ^ ln(27ri?m) , (60) 
and the integration over A gives 

2 

m~ AC-^(ln(27ri?m)-l). (61) 

In this integration, we took a vanishing constant of integration since there 
should not be any A-independent mass. We now consider the limit A — 0, 
where m = rridyn- Neglecting 1 compared to the logarithm in the right hand 
side of eq. (l61|) . we finally obtain for the dynamical mass 

exp (-87rVK2) 

mdyn ^ ^ . (62) 

As expected from a non perturbative process, rridyn cannot be expanded in 
powers of k. 

A numerical study of the dynamical mass was done in [10], where the 
authors consider bulk fermions coupled to brane fermions via a four-fermion 
interaction. There, a critical coupling was found for the dynamical mass 
generation. Other studies involving Abelian gauge models and a Schwinger- 
Dyson approach led to such a non-perturbative dynamical mass, small 
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compared to 1/-R, and showed the presence of a critical couphng. Finally, 
the Randall- Sundrum scenario was also studied in connection to dynamical 
mass generation in [T2j and led to similar conclusions. 

In order to conclude about the existence of a critical coupling for the 
dynamical mass generation, we should consider a gradient expansion more 
general than eq. (jll|) . taking into account the momentum dependence of the 
fermion self energy. This is left for a future work, but the main point of the 
present derivation was to obtain the result ()62j) independently of any renor- 
malization scheme: the cut off A naturally disappears from the equations in 
the limit where the control parameter vanishes A — > 0, which is an advantage 
of the method proposed here. 

5.2 Physical implication 

The djTiamical mass (jU^ appears in the four dimensional effective theory, 
as the dressed mass of the would-be massless fermionic mode of the Kaluza- 
Klein tower. To see this, we write the fields as a Fourier expansion in the 
compactified direction: 



where the factors l/VSvri? give the expected mass dimension for the four 
dimensional fields, and p = 0, ...,3. In the limit A — > 0, we have Ui ~ 
mdyn + g(p, the effective action (fTT|) reads then 




(63) 



/ 



n 



n 



-2ttR 



I 




(64) 
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where p = 0, ...,3. The eight- component fermions Xn we consider are made 
of the two four-component flavours x = {x^^\x^'^^) (we omit the Kaluza- 
Klein indice n), where each flavour can be decomposed in terms of the two- 
component chiralities x*'"''' = (Xj?"*? Xl"*)- xr^X gives then, in 4 dimensions, 
the following mass terms [7], which are identical for both flavours, 

= xi'M'-xi'V+xf'xg'-xrxf. (65) 

Note that these mass terms, induced by the dimensional reduction, are 
pseudo scalars under a Lorentz transformation, whereas the Dirac mass 
terms, arising from djTiamical mass generation, are scalars. Indeed, a Dirac 
mass term xx is 

« - (X-"" x'^'*) (t 4„) 

= _ ^(2)^(2) 

- ^.(l)t^(l) I ^(l)t^(l) _ ^(2)t^(2) _ ^{2)t^(2) 

— Xl Xr ' Xr Xl Xl Xr Xr Xl ' 

and has a different sign for each flavour. 

If we neglect quantum effects arising from the massive modes, with masses 
n/R, the theory obtained is equivalent to setting ^„ = x„ = for n 7^ in 
eq.()64|). The four dimensional effective action for the massless mode ^0 and 
the would-be massless mode xo is therefore 

= J d'^{^^,^o^''^o + ^Xo ^Xo 

- mdynXoXo - t^oXoXo - '^^(^o) } , (67) 

where 



n««)^2.fixC/„^^J. (68) 

The latter potential is independent of R at the tree level, what can be seen 
after a redefinition of the coupling constants present in Uq (these redefinitions 
are similar to the one given in eq. ()46|) ). 

Thus it is possible to observe a small mass, compare to 1/R, in the ef- 
fective four dimensional spectrum, since Rrridyn << 1 for a small Yukawa 
coupling. 
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6 Conclusion and outlook 



Using an exact functional method that was already successfully applied to 
other models ([H 12 E]), we studied in the Kaluza Klein context the evolu- 
tion of a toy Yukawa model with the amplitude of quantum fluctuations, 
controlled by the bare fermion mass. We showed the consistency of the ap- 
proach by comparing our results with well-known one-loop results. Beyond 
one loop, and using our non-perturbative evolution equations, we were able 
to compute the fermion mass dynamically generated in this system and could 
derive a cut off-independent expression. 

We plan to study the full evolution equations and (j?7j) by assum- 
ing an expansion of the potentials in powers of the scalar field. The system 
of differential equations that are then obtained can only be treated numeri- 
cally, which is the topic of a new article. We hope then to study in details 
the non-perturbative implications of the compactified dimension on the ef- 
fective four dimensional theory, and more specifically on the dynamical mass 
generation. Also, by considering a more advanced gradient expansion for 
the effective action, it is possible to study the occurrence of a critical cou- 
pling for the dynamical mass generation, and hence study the corresponding 
phase transition. Finally, a supersymmetric generalization of the present 
model is possible by considering the same bare mass Xttiq for the scalar as 
well as for the fermion. The evolution of the effective action will then contain 
an additional contribution, that will cancel quantum corrections to the po- 
tential terms, including the Yukawa interaction, due to non-renormalization 
theorems. In this situation, it would be interesting to study wave function 
renormalization effects, and also susy breaking by allowing different functions 
of A for the bare masses. 
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